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2.1 ProblemDescription and Methodology

Themainaim of this projectwasto begin a modellingeffort directedat optimizingthewarrantyand
qualitycostsassociatedwith theproductionof asystemwith bothhardwareandsoftwarecomponents.
Thisoptimizationwouldbeconstrainedby theneedto maintainreliability of theproduct,while staying
within anoperationalbudget.For amoredetailedproblemstatement,see[1]. Our aimwasto identify
importantquality attributes,andcaptureoverall trendsin costsandwarranties.More concretely, our
goalswere:r Identifying themajorquality-relatedattributesof interest,denotedby avector 9 ,r Modellingthekey indicatorsof thereliability constraint:thefailurerate(FR( 9 )) andtheseverity

level (SL( 9 )),r Modelling thecostof building aproductto acertainquality level, ä ��9;� ,r Modelling thewarrantycostsof aproductbuilt to acertainquality level, �j��9;� .
The optimizationmodelis to minimize thesumof the quality andwarrantycostsover theentire

classof admissiblequality-relatedattributevectors.This procedureis accomplishedwhile simultane-
ouslyensuringthat thefailure rateremainsbelow a specifiedmaximumFR687:9 andtheseverity level
remainsaboveagivenminimumSL68;=< with agivenprobabilitylevel > . In otherwords,determine

7 opt �§�¤�� ? � ä ��9;��Lx�j�:9��5��� (2.1)
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subjectto ê+� FR��9;�A@ FR687:9÷�B@C>¸� ê+� SL �:9��WÆ SL68;=<_�B@.> (2.2)

over all admissible9 . In this projectwe did not performthis optimization,focusinginsteadon the
modellingof thefunctioninvolved.

It is importantto noteat this juncturethatno raw datafrom Lucentwasprovidedfor this project,
nor did we have specificinformationaboutthe particularproductsbeingbuilt. It wasthereforenot
feasibleto useexistinghazard/riskmodelsfor thevariouscomponents.Our modellingeffort wasthus
critically dependenton discussionswith theindustrialcontact,Prof. VeenaMendiratta.In thesection
onfuturedirectionswemakeaseriesof recommendationswhichwill helprefinethemodelsinvolved.

We systematicallyidentified the key quality-relatedattributes,describedby a quality vector 9 ,
which could be measuredandquantified. We thendevelopedreliability, warrantyandcostmodels
basedon these.As our discussionsprogressed,it becameclearthat thesequality attributeswerenot
all independent.Nor werethey all equallyimportantindicatorsof overallquality. It is thuspossibleto
simplify themodelsconsiderablyby focusingon theeffectsof themostimportantattributes,making
theoptimizationproblem(2.1)simplerto solve. In practice,oncecostfunctionsandparametershave
beenpickedonthebasisof standardhazardmodels,it will bepossiblevia scalingargumentsto achieve
furthersimplification.

With aview to illustratingqualitative trendspredictedby ourmodels,wegeneratedsometestdata
(seeSubsection2.8), andran our modelson them. Thegraphspresentedin this reportaretherefore
not linkedto any truedata,andserveonly to providequalitative information.

2.1.1 A RoadMap

Thefollowing list detailsthestrategy for this report.Figure2.1 illustrateshow thevarioussectionsof
thereportinterconnect.

Section2: In this sectionwe identify the quality-relatedvariables,D , which drive the various
costsassociatedwith aproduct,andoverwhich theoptimizationwill occur. Thefactthatmany
of thesevariablesarenot independentwill bedealtwith laterin this report.

Section3: Here,we developmodelsfor the reliability constraints,the failure rateFR andthe
severity levels SL. As well asproviding somegraphicalinsight into the dependenceof these
modelson thequality D , wealsodiscusshow thesefailureratesdeterminetheprobabilityof the
variousmodesof failure. Theseprobabilitiesplay a role in determiningthewarrantycostsof a
product.

Section4: At this point in the reporta modelfor EGF�DIH , thecostof implementationof a given
quality level D is proposed.

Section5: Thiscontainsthedevelopmentof thewarrantymodelsfor hardware J hw andsoftware
J sw aspectsof aproduct.

Section6: Herewecombinethemodelsto summarizethetotal proposedoptimizationproblem.

Section7: A sensitivity to parametersis discussed,providing insightinto therelativeimportance
of termsin thevariousmodelsthathavebeenintroduced.
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Figure2.1: Illustratedarethevarioussectionsof this reportandhow they interconnect.

Section8: Broadtrendsin the proposedmodelsaregeneratedby drawing the quality-related
variablesfrom agivenprobabilitydistribution. Two casesareconsidered,eachcharacterizedby
theprobabilitydistributionbeingused.

2.2 Quality Attrib utesVector

Webegin by identifying theimportantquality-relatedattributeswhicharebothsalientandmeasurable
in the context of this project. Theseattributesfall into two broadcategories– hardware-relatedand
software-related– andthe optimizationof the total costwill be performedover theseattributes. In
practice,mostof theseattributeswill be measuredstatistically. In the absenceof raw data,we are
unableto providestatisticalmodelsfor theseattributes,whichwill changedependingon theproduct.

Mathematically, theseattributesaregatheredin aquality vector

DIH4F7J K.LMJON#L JOP#LMQ�Q�QRLMJTS�HVUXWZYRH\[^]�L)_�` S Q
The cost will be optimizedas a function of DaUbW , subjectto certainreliability constraints. We
have scaledtheseattributes J>c to take on valuesbetween0 and1 for convenience.This enablesusto
compare,for example,aquantityoriginally measuredasapercentagewith onemeasuredasanumber
between0 and10. Whenusingthemodelin application,it will beimportantto identify theunitsused
andconvert themif necessary.

Thevariousquality attributesaredescribedbelow.

HARDWARE:

JMK : Componentquality. In practicemeasuredasa failureratepercentageperyear. Here,this rateis
convertedto ascalefrom 0 to 1, andis called JMK .
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JON : Infant mortality factor (IMF). Measuredastheratio of theinitial failurerateto thesteady-state
failurerate,this is a numberbetween1 and2. In this project,weusethescaling JONdH measured
infantmortality factor ef_ .

JOP : Diagnosticscapability. This attributeis denotedJOP andlies between0.8and1. In practice,it is
measuredasa percentage,typically between80 and100.

JOg : Working environmentrange. Thevariable JTg is definedastheamountby which theconstructed
working rangeexceedsthespecificationsof thedevice. For example,supposethedevice is in-
tendedto operatebetween]ih C and _�])]ih C, but is built with aworking rangeof ej_�]ih C to _�k)lih C.
Theconstructedworkingrangeexceedstheoperationalspecificationsby _�]ih C onthelowerend,
andby k)lih C on thehigherend. Thus,we would computeJOgmH FO_�]onpk)l�H>q�F working rangeHoHr l)qs_�])]tHu])Q r l .

Fromthedescriptionof thesehardware-relatedattributes,it is not immediatelyobviouswhich arethe
bestindicatorsof overall quality.

SOFTWARE:

JOv : Software developmentenvironment(SDE).DenotedJTv , this describestheoverall quality metric
of thesoftwaredevelopmentprocess.

JOw : Codecomplexity. Thismetricmeasuresthecomplexity of acodebasedonavarietyof indicators.
Essentially, the morecomplicatedthe interactionsbetweendifferentpartsof a large code,the
harderit is to ensurereliability.

JMx : Stability index. Typically a numberbetween0.8and1, this metricdescribestherobustnessof a
codeover longerperiodsof time.

JOy : Coverage testing. This attribute describeshow comprehensively eachmoduleof the codehas
beenchecked.

JOS : Fault density. Thismeasuresthenumberof failuresper1000linesof code.Weexpressthisasa
fractionbetween0 and1.

TheSDEindex clearlyseemsto include,or beaffectedby, theothersoftware-relatedattributes. We
expectagoodmodelwill thereforebeverysensitiveto changesin JOv . In particularcases,thesequality
attributesmayberestrictedto tighter“operatingranges”by thecompany’sproductionpolicies.

2.3 How do weModel the Reliability Constraints?

The optimizationof the costsof quality and warrantywould be straightforward in the absenceof
certainreliability constraints. Theseconstraintsare identified as benchmarks,or standards,which
mustbemetby any product.Thequalityattributesmustbechosento meetor exceedthesestandards.

Prior to prescribingthe natureof the constraints,we needto model the indicatorsof reliability
whichwill beused.Therearetwo majorindicators,onefor hardwareandonefor software.
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HARDWARE:

Failur e Rate (FR): this is describedby thesystemfailure rateperyear, andincludesthe
effectof thecomponentfailurerate J K .

SOFTWARE:

Severity Levels(SL): rangesin scalefrom 1 to 4, whereSL Hz_ is acatastrophicfailure,
andSL H|{ is aminor error.

Thereliability constraintswill beinterpretedin termsof theseindicators– thefailurerateFR mustbe
below a certainprescribedvaluewith high probability, andtheseverity level SL muststayaway from
thecatastrophicfailureswith highprobability. This is illustratedin expression(2.2).

2.3.1 Modelling the Failur e Rate

Thefailurerateusedin thecharacterizationof reliability combinesseveralfactorsincludingthefailure
rateof thecomponentsthemselves,therobustnessof theoverallarchitecture,theinfantmortalityfactor
(IMF) andtheworkingenvironmentrange.

We identifiedthebroadtrendsthatthefailurerateexhibitedin threeof thequalityattributes:com-
ponentfailure rate JMK , the infant mortality factor JON andthe working environmentrange JOg . As the
componentfailure rate JMK increases,sodoestheoverall failure rate. Likewise, if the IMF JTN is high,
thefailurerateis large.Theeffectof theworking rangeenvironment JOP is opposite:if theconstructed
working rangeis largerthanthespecs,thedevice is morerobustandthusthefailurerategoesdown.

We proposedtwo modelswith increasingcomplexity thatexhibit this behaviour. Our discussions
revealedthat in this specificcontext the failure ratewasdescribedlargely in termsof thecomponent
quality.

Thefirst modelFRK_F�DMH is asimpleone,with 3 freeparameters}~K , }�N , and }�P :
FRK�F�DIH�H FRK�F7JMK.L JON#LMJTg�H�H�})KsJ K�n�}�N�JON�e�}�PuFO_�e�JMK�H>JOg�Q (2.3)

The nonlinearterm e�}�PuF>_�e�JMK�H>JOg enterssincethe failure rateshoulddecreasewith larger working
environmentrange JTg , however the systemwill neverthelessbe affectedby poor componentfailure
ratesJ K . Thesetwo effectsarethereforecompeting.

Figure2.2below showsfour graphsrelatedto failureratemodelFRK . Thefirst threegraphsexhibit
thetrendsof thefailureratewith respectto theindividualattributesJMK , JTN , JOg . Thelastgraphdepictsa
surfaceplot describingfailureratetrendswhen J K and JOg areallowedto change.

The next failure rate modelwe proposeis manifestlynonlinear, and aims to bettercapturethe
importanceof the componentfailure rate J K on the systemfailure rateFR. The free parametersare
denoted}~K , }�N , }�P and }�g . As before, the failure rate FR dependson the quality vector D , but in
particularon theattributesJMK , JTN , JOg .

FRNuF7J K>LMJTN�LMJOg_HVH|})Ks�������.��n�}�P�JONMJ N K e�}�guFO_�e�JMK�H>JOg�Q (2.4)

Therationalefor picking this modelis asfollows: first, thesystemfailure rateFRF DMH increaseswith
poorercomponentquality, with this rateof changedependingon JMK . Thereforethe dependenceof
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Figure2.2: FailureRatemodelFRK asa functionof (a) componentquality J K , (b) infantmortality JON ,
(c) workingenvironmentrangeJOg , and(d) both JMK and JTg together, JTNdH|]�Q r .
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Figure2.3: FailureRatemodelFRN asa functionof (a)componentquality JMK , and(b) infantmortality
JON .

FRN on JMK is modelledby anexponential.Second,theinitial mortalityrate JOg impactstheoverallfailure
rate,but evenif this IMF is low, apoor-qualitycomponentwill impactthefailurerateadversely.

Thetwo graphsin Figure2.3usethefailuremodel(2.4) for FR to describethebroadtrendsin the
modelwith componentfailurerate J K andinfantmortality factor JON andcanbecomparedto Figure2.2.
In Section2.8 we show the effect of inputting several instancesof D , drawn from testdata,into the
modelFRN .

2.3.2 Modelling the Severity Level

Softwarefailuresarecharacterizedin termsof varyingseverity levels(hereafterdenotedSL), where
anSL H�_ is acatastrophicfailure,while anSL Hu{ is aminor failure. In thissectionwepresentsome
modelsdescribingtherelationshipbetweenthequality vector D andtheSL.

In thecontext of thisspecificproject,wedeterminedthattheseverity levelsof softwarefailurewere
impactedby thesoftwaredevelopmentenvironment JOv , thecodecomplexity JOw , thestability index JMx ,
the coveragetesting JOy andthe fault density JTS . The modelwe proposefor the severity levels is not
anadditive/linearone.We believe thatthechosenfunctionalform captureswell thetrendsin severity
levelsasfunctionsof theindividualattributes,aswell astherelativeimportanceamongstthesefactors.
Therearesomefree(nonnegative)parametersin themodel, ��K , ��N , ��P , ��g , ��v . Theseverity level SL as
a functionof D is:

SLK_F�DIH
H SLK�F7JOv�L JOw#LMJ x.LMJOyMLMJOS_HVH|��K.��� ��� �T���~��� y �A� �>� � �T���~��� K � � JTv�n F>_�n�JTw�e J Nw H¡�T¢�J N x Q (2.5)

To describethe effects of coveragetesting JOy , we notedthat as JTy increases,the likelihood of
catastrophicsoftwareerrordecreasessincemoreof thesoftwareis validated.Similarly, asthenumber
of faultsper1K lines, JTS , increases,sodoestherisk of catastrophicerror. Keepingin mind thescale
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Figure2.4: Severity levelsasa functionof thevariouscomponentsof thequality-relatedvector: (a)
SDE JTv , (b) SDEandcodecomplexity F£JOv�LMJTw_H .

on which we measureSL, thedependenceon JTy and JOS is modelledby exponentialswith appropriate
signs,penalizingdeviationsfrom high-quality.

Basedon discussions,we modelledthedependenceof SL on thestability index J x by a quadratic,
sinceamorestablecodeis lessproneto severesoftwarefailures.

As thesoftwaredevelopmentenvironmentindicator JOv increases,thetypesof softwarefailuresget
lesssevereand the SL increases.Poorquality developmentenvironmentimpactsthe severity level
more.Thatis, ¤�F SLH>q)¤¥JOv shouldbelargerfor smallvaluesJOv . This behaviour is capturedwell by the
squareroot function.

Theoppositetrendis exhibitedasa functionof codecomplexity JTw . Whenthecodecomplexity is
low, theoverall softwareis lessproneto severeerrors,puttingtheSL index in thehigh range.After a
certainthresholdcomplexity is exceeded,theeffect of complexity on theseverity levelsbecomesless
dramatic.To capturethisbehaviour, thedependenceof SL on JOw is describedby F>_�n¦JOw§e¦J Nw H � ¢ where
��g @\_ .

While discussingSL it appearedthat the attributes JOy , JTS , the coveragetestingandfault density,
werewell-predictedby thesoftwaredevelopmentenvironment,JOv . Therefore,weassumedthatat least
for thepurposeof modellingseverity levelsasa functionof D , we couldwrite

JOy¨H�©«ªy JOv�L JTSdHu©«ªS JTv�Q (2.6)

Thissuggestsapossiblesimplificationto theseverity level model:

SLNuF�DMHVH SLNuF£JOv#L JOw�LMJ x�HVHu��K.� � �>¬ � � ¬ �~��� y � � JTv�n F>_§n�JTw�e J Nw H¡� ¢ J N x Q (2.7)

where ��K and ��g areasin model(2.5),while ��vHZ��N�© ªS e®��PM© ªy . The trendsin theseverity level are
graphicallydescribedin theFigure2.4.
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Failure F£��KOLM��g#LM��v_H
type (2.46,0.4,1) (2.46,0.6,1) (2.46,0.4,2) (2.46,0.4,3)
SL U F£]�L)_ Q�lÎH 0.1% 0.01% 0.01% 0.02%
SL U F>_ Q¯l�L k)Q�l�H 0.9% 0.1% 0.1% 0.8%
SL U F£k�Q¯l�L r Q�l�H 12.7% 14 % 29% 43.5%
SL U F r Q¯l�L {)Q�l�H 87.2% 85.8% 70.4% 55.6%

Table2.1: Predicteddistributionof severity levelsfor varioussetsof F7��K.LM��g#LM��v_H .

Evenwith this simplification,theseverity modeldescribedby equation(2.7) is highly nonlinear.
How is oneto choosethe exponent ��g ? Doesthis modelactuallycapturethe observedbehaviour of
softwaresystemswhenthey arebuilt within agivenrangeof quality?

To answerthesequestions,we first determinedthe heuristictrend: if the softwaredevelopment
environmentJOv , thecodecomplexity JOw andthestability index JMx werein thehigh-end,thenthenumber
of softwarefailuresclassifiedasSL H _ (catastrophic)shouldbe lessthan ])Q¡_�° , SL H±k failures
shouldbeabout _�° , SL H r

failuresshouldbelessthan _�])° andSL Hu{ failuresshouldbeabout²)l)° .
A goodreality checkfor our SL model(2.7) is to draw F7JTv#LMJOw�L JMx�H from a givensetof distributions.
For our first simulationwe take F£JOv#LMJTw�LMJMx�H from normaldistributionswith means³�voH´]�Q¯² , ³�wtH�]�Q¯{ ,
³
xµH ]�Q�² and a commonvariance ¶ N H ]�Q¯])l so that JTv¸· ¹ F£])Q�²�L�]�Q�]~l�H , JTw¸· ¹ F£])Q�{�L�]�Q�]~l�H and
JMxV·´¹ F']�Q�²)L ]�Q¯])l�H . Theprobabilityof eachSL failuretypecanbecomputedthrough

Probabilityof anSL type º failure H ³j»�F£JOv�LMJTw#LMJMx�HVUX¼X½ SL F£JOv#LMJTw�LMJMx�H
H¾º�¿
³j»�F£JOw#L JOw�LMJ x�H
UÀ¼�¿ L

where¼�Y�H�»�F7J cv LMJ cw LMJ c x H K �����cÂÁsK ½ÃJOvd·�¹ F']�Q¯²�L ]�Q¯])l�H>LMJOw¨·�¹ F']�Q¯{�L ]�Q¯])l�H>LMJMx�·´¹ F']�Q�²)L ]�Q¯])l�H.¿ is asetof 1000
i.i.d. testdatapointsdrawn from theappropriatenormaldistributions,and³ÌF£ÄBH is thevolumeof aset
Ä . We show in Table2.1 these(approximate)percentagesfor a few choicesof ��K>LM��v and,critically,
��v . Wenotethattheserangesarenotobtainedfrom Lucent,but areusedbecausethey seemconsistent
with a high-endproduct.Thecode-complexity JOw wassetto bemid-rangesincea marketablesystem
wouldhavea certainminimal level of complexity, but highcomplexity wasundesirable.

2.4 The Cost of Quality Implementation

Having identifiedthe constraintsin the previous section,we now describethe costsassociatedwith
building a productwith given quality vector D . Our discussionrevealedthat the largesteffectson
thecostweredueto maintaininga high softwaredevelopmentenvironment JTv , anda low component
failurerate J K .

Themodelfor thecostof quality, E F DMH which is proposedin this projectis

E F DMHÅH E hw n)E sw

H E�K>� �)Æ¥Ç� ��� n�ÈTNuF£JON
n�È ªN H N n�ÈÉP#JTP�n�ÈTg F£JOg
n�È ªg H N n fixedhardwarecosts

n E�vM� Æ Ç¬ � ¬ n�ÈÉw#JTw�n�È x.J x�n ÈTS�JTS
JOw
n�È ªS n fixedsoftwarecostsQ (2.8)
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Figure2.5: Behaviour of thequality function. (a) Trendin costof quality asa functionof component
failurerate J K andSDE JTv . (b) Trendof costof quality in individualattributesJ>c .
Here E�K , E ªK , E�v , E ªv , ÈTN , È ªN , ÈÉP , ÈTg , È ªg , ÈTw , È�x , ÈÉS , È ªS areconstantparameterswhichneedto bedetermined
by fitting actualdatato themodel.

The first termof thehardwareandsoftwareportionsin this modelcapturethe importanceof the
componentfailurerate J K andthesoftwaredevelopmentenvironment JOv in theoverall costmodel.As
JMK decreases,theoverall likelihoodof failuredecreases.This improvementcostsmore,especiallyafter
acertainthresholdis achieved.Improvementsbeyondthislevelareincreasinglyexpensive,ascaptured
by an exponentialfunctionwith thenegative exponent.On the otherhand,asSDE JTv increases,the
softwaredevelopmentenvironmentbecomesbetterandthuscostsmore.Thesetrendsarecapturedin
Figures2.5(a)and(b).

The termscollectedin equation(2.8) underhardware describetheeffectsof the infant mortality
rate JON , the diagnosticscapability JTP andthe working environmentrange JOg . In termsof the overall
hardwarequality costs,thesearehigher-ordereffectsin the sensethat their contribution maynot be
assignificantasthatof thecomponentfailurerate, JMK . This reasoningdictatedthefunctionalrelation-
shipsasbeingat bestquadratic.Similarly, thecostscollectedundersoftware describetheeffectsof
controllingthecodecomplexity JTw andthestability index JMx . Thesecostscontributelesssignificantly
to the overall quality costsfor the softwarethanthe softwaredevelopmentenvironment JTv . Indeed,
theeffectsof increasingthecoveragetestinganddecreasingthefault densityarecaptured(to a large
extent)by thecostof JTv , andarethereforeignoredin thiscostmodel.Thetrendsof thecostaseachof
theseattributesvary is picturedgraphicallyin Figure2.5. Theresultsusingthetestdataaredescribed
in Section2.8.

2.5 The Warranty Costs

Warrantycostscanbebroadlybrokenup into thehardwareandsoftwarecosts,andwe thusmodelled
eachof theseseparately. As in thecostof quality, the dominantfactorsinvolvedarethecomponent
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failureratesJMK andthesoftwaredevelopmentenvironmentJOv . Wenow presentamodelfor thewarranty
costsJ F�DIH expressedas

J F�DMHVH J hw F�DMH�n)J sw F DMH.Q
In this projectwe do not attemptto presenta modelfor finding anoptimalwarrantypolicy. Our

attemptis to modeltheeffect of changingquality on warrantycostsfor a given,fixedwarrantypolicy.
This distinctionis an importantone. Clearly, thepoliciesthemselveswill changeconsiderablyif the
averageproductquality attributeschangea lot. This modeldoesnot accountfor this, at leastin the
hardwarecosts.However, asa first approximation,if we assumethe D vectorstayswithin a certain
range,thewarrantypolicy maybeconsideredfixed,andwe candescribetheeffectson thewarranty
costsof changingD within this range.

2.5.1 The HardwareWarranty Costs

Hardware warrantycostsare characterizedby the four major typesof hardware failuresseen: no
troublefound(NTF), repaired, junked, andfurther failure modesanalysis(FMA). Of these,theNTF
costsarethesmallest,but thesuppliermaywishto penalizethese.Themodelshouldbeflexible enough
sothatanoptimizationwill ensurethatmostof theerrorsfall into thesecond(repaired)category.

Empirical datawill be ableto describethe observed probabilitiesÊ�K , Ê�N , Ê)P and Ê)g of seeingthe
variouswarranty-relatedcosts(NTF, repair, junk, andFMA, respectively). Theseprobabilitiesare
computedbasedon theassumptionthat thequality vector D lies within a particularrange,but arenot
sensitive to variationswithin the range. Thereis alsoa standardizeddollar amountË�K , Ë�N , Ë�P , Ë�g
associatedwith eachof these.

The standardwarrantycostmodelsimply computestheexpectedcost Ì FàE³HÍH gcÂÁsK Êic�Ë¨c . As a
resultthisstandardmodelfails to capturethemostimportanttrend,thatof changingcomponentfailure
rate J K , on thehardwarewarrantycosts.

To includetheeffectsof quality, we penalizethesefour kindsof failuresto variousdegrees.This
will allow the user, for example, to explicitly adjust the model so that NTF failuresare reduced.
This allows for greaterflexibility in optimization. For example,NTF failuresare inexpensive, and
thusoptimizinga standardwarrantycostmodelmayresultin choosingD valueswhich increaseNTF
failures,while reducingthe expensive FMA failures. By contrast,the proposedhardwarewarranty
model(2.9)allowstheuserto choosethepenaltyparametersÎÏK , Î#N , Î#P , Î#g sothattheoptimal D values
resultin asmallnumberof NTF.

J hw F DMH�H�Ë � J K Ê�KM[ Ë�KÐn�ÎÑK�F>_�e�JTP�H>`
NTF costs

nIÊ�N FÒË�N�n�Î#N#JON_H
repaircosts

nÓÊ�P FÒË�P
n�Î#P#JMK�H
junk costs

nÓÊ�g�[ Ë�g�n�Î#g F>_�e�JTP�H>`
FMA

(2.9)
whereÊ¥KVHu])Q¡_ , Ê�NdH|]�Q�² , andÊ�P¨H�Ê�g¨H|]�Q¯])l .

Theseprobabilitiesarebasedon how many itemswhich arereturnedto the supplier(andaread
hoc),while Ë � is usedto scalecostsappropriatelyby thenumberof itemsin service.Wenoticethatthe
standardwarrantycostmodelhasbeenmultiplied by JMK , thecomponentfailurerate. In theproposed
modelif thecomponentfailure ratesJMK areat thehigh endof theoperatingrange,thenthewarranty
costsarehigher. Figure2.6depictsthevariousdependencies.
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Figure2.6: (a) Trendsin J hw with componentquality JMK andIMF JON , ( JOP fixed). (b) Trendsin J hw

with IMF JTN anddiagnosticscapability JOP , ( JMK fixed). (c) Trendsin J hw with componentquality JMK and
diagnosticscapability JOP , ( JON fixed).

2.5.2 The SoftwareWarranty Costs

Thesoftwarewarrantycostsarecharacterizedin termsof theseverity levelsof thesoftwarefailures,
SL (seeSection2.3.2).Therefore,giventheoperatingrangeof thequality vector D , we cancalculate
from our SL modeltheprobabilitiesÊ�v , Ê)w , Ê�x , Ê�y of failuresof SL HZ_ (catastrophic)throughSL H®{
(minor) respectively (seeTable2.1).Associatedwith eachof thesetypesof failuresis awarrantycost,
Ë�v , Ë�w , Ë�x andË�y respectively. Thewarrantycostfor softwareis expressedby:

J sw F�DMHVH J FO_�e�JOv�H_F¯Ê�v>Ë�vVnÔÊ�w.Ë�wVnÕÊ�x7Ë�xÐnÕÊ)y>Ë�y_H.Q (2.10)

TheSDEmostsignificantlyimpactsthewarrantycostof thesoftware.A higherSDEmeansfewer
catastrophicfailures.TheprobabilitiesÊic , º�H|l�LMQMQMQ�L ² arefixedfor agivenoperationalrangeof JOv , JOw ,
JMx , andarechosenaccordingto our modelof theSeverity Level function(2.7). Recallthat JTy and JOS
aregivenby expression(2.6). Moreprecisely,

Êic�Ö~gdH ³j»�F£JOv�LMJTw#LMJ x�H
UÀ¼¦½SL F7JOv�L JOw#LMJ x�H�H�º�¿
³j»�F7JTw�LMJOw#L JMx�HVUÀ¼�¿ n�×¡c

where ¼ÅYRH F£]�Q¯²�L�_5HÙØ F']�Q�{)L ]�Q¯Ú�HÍØ F']�Q¯Ú�L�_+H . The quantities ×�c are introducedto accountfor other
lower-ordereffects,which arenot accountedfor duringtheproduction.Theseincludeeffectssuchas
a productbeingreturneddueto incorrectusageby the customer. Onemay alsousea modelallow-
ing moreflexibility , suchas(2.9). Unfortunately, in sucha model the probabilitieswill needto be
computedasfunctionsof JOc .

2.6 The CompleteModel

Wenow summarizethemodelsof theprevioussections.Recallthatthegoalwasto identify thevarious
functionsin theoptimizationproblem(2.1) repeatedherefor convenience

Û
opt H|ÜÞÝ�ßà FÝE F DMH�n/J F�DIH�H.L
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subjectto á
F FRF DMHA@ FRâÐã�ä HB@¾Ê¥L

á
F SL F�DIHVå SLâÐæAçÎHB@¸Ê

over all admissibleD andsomepresetprobability Ê . Theobjective functionconsistsof thecombined
costsof quality (2.8)andwarranty(2.9),(2.10):

Û H EGF�DMH�n)J F DMHVH EGF�DMH�n)J hw F�DIH�n/J sw F�DMH
H E�K>� �)è£Ç � ��� n)E�v�� è£Ç ¬ � ¬ nÔË � JMK

g
cÂÁsK ÊicRË¨c+n J4F>_�e JOv�H

y
cÂÁ~v ÊicRË¨c

n�ÈÉN F£JON
n�È ªN H N n�ÈÉP�JOPVn�ÈÉguF7JTg�n�È ªg H N n�ÈÉw�JOw
n�È�x>JMx�n�ÈÉS JOS
JTw�n�È ªSnÕË � JMK�[ Ê�KOÎÏK�F>_�e JOP_H�nÔÊ�N�Î#N#JON
nÕÊ)P#Î#P#JMK�nÕÊ�g�Î#g FO_�e�JOP�HO`)n fixedcosts

(2.11)

wherethetermshavebeenreordered.Thereliability constraintsaregivenby (2.4)and(2.7):

FRNuF£JMK>LMJTN�LMJOg�HéH })Ks� �����.� n�}�P�JTN�J N K e }�gnF>_�e JMK�H>JOg @ FRâÐã�ä
SLNuF£JOv#LMJTw�LMJMx�HéH ��K � JOv���� ¬ � ¬ F>_�e JTw�H��T¢.J N x å SLâÐæAç

whereFRâÐã�ä andSLâêæAç arespecifiedby theuser. Onemayalsouseothermodelsproposedin Sec-
tion 2.3. This objective function is quite complicated.However, by retainingonly termsto leading
order, weproposea simplermodel

Û
whichcapturesmostof thebehaviour:

Û F�DMHVHuÈ�K.� �)è Ç � �.� n�ÈÉv�� è Ç ¬ � ¬Ðn JÀK.J K�n JÓN FO_�e JOv�H.Q
Thissimplificationis justifiednumericallyin Section2.8.2.

2.7 Model Justification: Sensitivity to Parameters

Considera function ë F�D�ì#}~K>LM}�N#LMQMQMQ�LM} í H dependingon ¹ continuouslyvaryingparameterson some
domain ¼ . We assumethat ë is sufficiently regular to ensurethat ¤¥ë�q)¤¥} î exists throughout¼ . By
consideringthesequenceof parameters»�} î�¿ íî.ÁsK asa vector ï}ÔU í the total differentialof ë canbe
writtenas

ð ëñH�òpó�¨ô
ð ï}õH

í
î.ÁsK

¤�ë
¤�}�î

ð } î�Q
As aconsequence,assumingë is positivevalued7, onehas

ð ë
ë H

í
î.ÁsK ½Ã}�î�½ ¤dö�÷)ø�ë

¤¥} î
ð }�î
½^} î�½ (2.12)

illustratingthattheproportionof therelativechangein the ë dueto therelativechangein theparameter
} î is } î�¤ùö�÷)ø�ë�q)¤¥} î . Thissimpleformalismis usedin theanalysisthatfollows.

7Thegeneralexpressionis ú¡ûü û üÏý þÿ�������� ÿ � sgn�
	����� ��� ü û ü���� ú ���ü ��� ü .
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2.7.1 Failur eRateModel

Recallthatthesecondmodelfor overall failureratethatweproposedin Section2.3was

FRN F�D�ì#})K.LM}�N#LM}�P#LM}�g�H
Hu})K>� �����.� n�}�P�JON#J N K e�}�guFO_Ve�JMK�H.JTg
where })K , }�N , }�P , }�g arepositive constants.Becausewe have explicitly specifiedthe dependenceof
FR on theparameters} c expression(2.12)allows oneto estimatewhich of theseparametershave the
mostimpacton themodel.Indeed,

ð
FRN

½ FRNÑ½ H
F ð }~KÐn�})K.J K ð }�N_H>� ������� n�JON�J N K ð }�P
e F>_�e J K�H.JTg ð }�g

½^})K>� �.����� n�}�P�JON�J N K e }�g FO_�e JMK�H>JOgÏ½ Q
We claim thattheeffect of changing}~K or }�N by anamount� hasa largereffect thana similar change
in }�P , }�g . To seethis, notethatperturbationsto })K and }�N areamplifiedby a factorof � �.� ��� åb_ and
JMK.� �.� ����� J K respectively, whereasperturbationsto }�P and }�g areonly amplifiedby factorsJON�J N K�� J KA@
_ and F>_�e JMK�H>JOg � JMKB@�_ .

2.7.2 Severity Level Model

In orderto gaugewhichof thefreeparametersmostsignificantlyaffect thesecondSL model(2.7),we
fix D , andcomputeöR÷~øZF SLN_H�H ö�÷)ø���K�n F7��v#JTv n KN ö�÷)ø
JOv�H�n ��g�öR÷)øZFO_
epJOw�H�n kVö�÷)ø
JMx , which helpsus
identify therelativesensitivity of themodelto theparameters��K , ��g and ��v :

ð
SLN
SLN H

ð ��K
��K n���v#JOv

ð ��v
��v n���g�öR÷~øZF>_�e�JOw�H

ð ��g
��g Q

Thus,if all otherparametersarefixed,a1%changein ��v will resultin a ��v#JOv % changein theSL value.
If ��g is changedby 1%,theresultantpercentagechangein theSL valuesis ��g�ö�÷)øZF>_ÏeIJTw�H . Heuristically
the JTw valuesrangebetween]�Q¯{ and ]�Q¯Ú , andthereforeöR÷~øZF>_�e«JOw¿H is negative. Increasing��g thusresults
in a decreasingSL. Thisalsoexplainsour findingsregardingTable2.1.

2.7.3 Costof Quality Implementation Model

Following thesametechniquesasin theprevioustwo subsections,weexaminethemodel E F DMH , given
by equation(2.8) for therelative importanceof theparameters

ïEuH��àE�K>L_E ªK L�E�v#L_E ªv LMÈÉN#LMÈ ªN LMÈÉP#LMÈÉg#LMÈ ªg LMÈÉv#LMÈÉw#LMÈ�x>LMÈÉS#LMÈ ªS! Q
Continuingwith our prescriptionyields

ð EGF�D�ì ïE	HÅH F ð E�K�e JMKWE�K ð E ªK H.� �)Æ Ç � �.� n F ð E�vVn�JOv¿E�v ð E ªv H.� Æ Ç¬ � ¬
n F£JON
n�È ªN H�[ k�ÈTN ð È ªN n F7JTN�n�È ªN H ð ÈÉNM`)n F7JOg
n�È ªg H�[ k�ÈÉg ð È ªg n F7JTg�n�È ªg H ð ÈÉgM`
n�JTP ð ÈÉPVn�JOw ð ÈÉw
n�JMx ð È xÐn ÈTSMJOS

F£JOw
n�È ªS H N F7JOwVn�È ªS H
ð ÈÉS
ÈTS e ð È ªS Q
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2.8 TestData, and Model Trends

Thevalidationof aproposedmodelis animportantstepin any modellingeffort. In theabsenceof real
datafrom Lucent,we wereunableto specifythe natureof distributionsfrom which to generatetest
data.Indeed,testdatashouldbecreatedonthebasisof hazard modelsappropriatefor theproducts.In
theabsenceof thesemodels,any testdatausedis for illustrationpurposesonly.

As part of this project,we provide two testsetsof data,drawn from a normaldistribution (the
mathematicalinterpretationof thepopularSix-Sigmamodel)andfromaBetadistribution. To illustrate
thebroadtrendsof our models,we generatedseveral instancesof D , with individual attributespicked
asindependentrandomvariablesdrawn from thesetwo models.

2.8.1 TestData Drawn fr om a Normal Distrib ution

Testdataof 1000instancesof D wascreatedby consideringthe attributes JOc asindependentrandom
variablesdrawn from appropriatenormal distributions ¹ F¯³�c�L ¶ Nc H (mean ³�c , variance ¶ Nc ), with the
distribution parameterschosento reflect a high quality product. Figure 2.7 illustratesa particular
instanceof this process.Note that the attributes J>c arescaledto reflect the natural quantities,e.g.,
componentfailure rate J K is scaledby 100 to yield a failure ratepercentage.We input our simulated
dataD into thefailureratemodelFR. Theresultsaredescribedin Figure2.8.

We expect that with mostproductsbeingbuilt to high quality specifications,the warrantycosts
will below, while thecostof implementationwill behigh. Figure2.9 illustratesthehistogramsof the
warrantycostsJ swL_J hw, andtheimplementationcostsE F DMH whenthis instanceof testdatais applied
to eachof therelevantmodels.

2.8.2 TestData Drawn fr om a BetaDistrib ution

A betadistributionwaschosenbecauseit is a two parameterdistributiondefinedon theinterval [A]�L�_�` .
Theprobabilitydistribution functionis givenby

Ê�F#"�ì!$�L�%AH�H
& F
$«n'%AH& F�$�H & F#%AH ")( �

K F>_�e'"MH�* � K ] � " � _
] otherwise

wherethemeanandvarianceare

³ÕH $
$«n'% L ¶ N H $)%

F
$«n'%AH N F
$«n'% n�_+H Q
So asto matchwith the correspondingnormaldistribution ¹ F¯³�c�LM¶ Nc H onechoosesthe parameters$
and% as

$µH ³�c
¶ Nc ³�cseÕ³ Nc e ¶ Nc L %XH _

³�c e�_ $�Q
Onceagaintestdataof 1000instancesof D wascreatedandthesimulateddataappliedto thefailure

ratemodelFR. Theresultsaredescribedin Figure2.10.Sincewe assumedtheattributesweredrawn
from abetadistribution(mostinstancesarehighquality), it is reasonablethatthefailurerateis skewed
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Figure2.8: Effectof FRN andSLN onsimulateddatausinganormaldistribution: mostinstancesof the
producthavea low failurerate.

towardsthe lower end. We expectthat with mostproductsbeingbuilt to high quality specifications
the warrantycostswill be low while the costof implementationwill be high. This is borneout in
Figure2.11.

In Figure2.12we seethatat leastfor this testdata,thesimplifiedobjective function
Û

described
in Section2.6capturesmostof thebehaviour of thecomplicatedobjective function(2.11).

2.9 Summary, Futur eDir ectionsand Suggestions

We concludethis reportby notingagainthat themodelsdevelopedwerebasedsolelyon discussions
andheuristicarguments. In the absenceof data,survival andhazardmodels,indeedeven product
informationfrom Lucent,this reportshouldnotbeinterpretedasrepresentative. Instead,wehopethat
theargumentswill provide thebasisfor a morecarefulmodellingeffort by Lucent.

We notethat despitethe identificationof nine quality attributes J>c , not all of theseattributesare
equally important. This is a crucial stepin any modelling process:identifying the key elements.
Basedon the precedingdiscussionwe canconcludethat the mostsignificantindependentattributes
arethecomponentfailure rates J K andthesoftware developmentenvironmentJTv . Theseindicesseem
to outweighthe others. In fact, most of the other attributesare affectedby thesetwo. Thus, any
furtherwork shouldfocuson thecarefulestimationof theseattributes.Theattributesassociatedwith
diagnosticscapability JTP , coveragetestingJOy andfaultdensityJOS aretheleastsignificant.Indeed,these
do notevenappearin theconstraints.

NeithertheconstraintfunctionsFR andSL nor theobjective function containcomplicatedfunc-
tional forms;theresultantmodelis nonlinearandawkward,but noneof theindividual componentsis
morecomplicatedthana quadraticor anexponential.Theseforms aredeliberatelychosensincethe
associatedparameterscanbeeasilyfit, usingrealdataandstandardstatisticalsoftware.

Wesuggestthattheparametersbelocatedbasedontruedatawhichmaybeavailableto theindustry.
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Figure2.9: WarrantyCostsand ImplementationCostsusingnormally distributedtestdata. Scales
rangefrom 0 to maximumpossiblecostin eachcase.
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Figure2.10: Effect of FRN andSLN on simulateddatausinga betadistribution: mostinstancesof the
producthavea low failurerate.

Theseparameterswill vary with variousproductand warrantypolicies. Simultaneously, test data
drawn from hazardmodelsappropriateto thespecificproductshouldbeusedasa reality check.The
final optimizationcanbecarriedoutusingstandardpackages.
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Figure2.11: WarrantyCostsandImplementationCostsusingbetadistributedtestdata.Scalesrange
from 0 to maximumpossiblecostin eachcase.
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Figure2.12: (a)Objective function
Û F�DMH . (b) Simplifiedobjective function
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