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6.1 Intr oduction

In finance,thereis aconstanteffort to modelfuturepricesof stocks,bonds,andcommodities;theabil-
ity to predictfuturebehaviour providesimportantinformationabouttheunderlyingstructureof these
securities.While it hasbecomecommonto modelasinglestockusingtheBlack-Scholesformulation,
themodellingof bondpricesrequiresoneto simulatethechangeof interestratesasa functionof their
maturity, which requiresoneto modelthemovementof anentireyield curve. If onestudiesthespec-
tral decompositionof thecorrelationmatrix correspondingto thespotratesfrom this curve, thenone
findsthat thetop threecomponentscanexplain nearlyall of thedata;in addition,this samestructure
is observedfor any bondor commodity. In his 2000paper, Ilias Lekkos[4] proposesthatsuchresults
areanartifactdueto theimplicit correlationbetweenspotrates,andthattheanalysisshouldinsteadbe
performedusingforwardrates.In this paper, we discusstheresultsobtainedfor thespectralstructure
of thecorrelationmatricesof forwardrates,andinvestigatea modelfor this associatedstructure.The
paperis divided into four parts,covering forward ratesbackgroundmaterial,principal components
analysis,yield curvemodelling,andconclusionsandresearchextensions.
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6.2 Background: Forward Rates

6.2.1 SpotRates

Let usbegin with a few definitionsandconceptsfrom financialmathematicsthatwill be referredto
throughoutthepaper. To modelbondprices,onemustknow theyields for variousmaturities.These
interestrates,asa functionof maturity, constitutetheyield curveandarereferredto asspotrates.The
spotrate â�³fã�´ givestheratethatmustbepaidwhenmoney is borrowed(or loaned)todayfor a time
T years.Sinceeachspotratechangeswith time, we areinterestedin knowing themovementof the
entireyield curve astime proceeds.Whenonestudiesa singlestock,andassumingefficient markets,
its movementmaybepredictedusingtheBlack-Scholesformulation:

ÎMä
ä ¶æåRÎ�°çÃéè�ÎMê

with ä referringto thestockprice, å its expectedreturn,and è its volatility. ê is a Brownianmotion
representingtherandommovementof thestock.To studythemovementof anentireyield curve, we
mayassumethateachpoint movesasa Brownianmotion. Sincethecorrelationstructures,andhence
primary movements,of spotratesarewell known andwill be briefly mentionedin the next section,
andsincewe areinterestedin studyingthecorrelationstructuresof forwardratesin this paper, let us
now adapttheabove formulationsto focuson forwardrates.

6.2.2 Forward Rates

A forwardrateis therateappliedto borrow (or loan)money betweentwo dates,ã�¼ andã_½ , determined
todayat time ° ; wedenotethisas ëì³f°#»\ãì¼6»\ãÄ½�´ . In orderthatno-arbitrageconditionshold,wemusthave
thefollowing relationshipbetweenforwardandspotrates:

±Cí=îðï�îñ±Còôó,ï�îsõ ï�îðö�÷�ø�ó,ï�îùöo÷mú�ï�îûøÄ¶.±Cí=îðö�÷�ï�îðö�÷¤¾
Theformulasimply statesthattherateto borrow money startingfrom todayto time ã_üwý�¼ mustbethe
sameasthe rateif oneborrows from todayuntil time ã_ü , andthenfrom ã�ü to ã�üwý�¼ . If this equation
did nothold,onecouldborrow money atonerateandlendatanotherwith no risk, therebycreatingan
arbitrageopportunity. For completeness,let usalsodefinetheinstantaneousforwardrate,which is the
rateappliedto borrow or lendmoney for aninstantat time ãì¼ , determinedat time ° , denotedë�³f°#»\ãì¼\´ .

In ourwork, weareinterestedin following theapproachof Heath,Jarrow, andMorton[2] to model
theentireforwardratecurve directly. As anexampleof thetypeof changesthathave takenplacein
forwardrateshistorically, Figure6.1 illustratesthemovementsof variousforwardratesasa function
of timeusingdatafrom theUS.

As previously mentioned,while Black-Scholesis usedto modela singlestock,themodellingof
anentirecurve of forwardrateswill requiremorework. Theformulationproposedby Heath,Jarrow,
andMorton is ageneralizationof Black-Scholes;it is givenby theformula:

Î�ë�³f°#»\ã�´
ë�³e°#»\ã�´ ¶æå�Î�°þÃ

ÿ
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Figure6.1: HistoricalForwardRateDatafor theUS(� -axis: days;� -axis: percentile).

wherethedifferentialis takenwith respectto time,sothat

Î�ëì³f°#»\ã�´�¶.ëì³f°þÃ���»\ã�´�� ë�³e°#»\ã�´T¾
Themainquestionnow arisesasto whatvalueof � shouldbeusedin thesummation.Clearly, if we
select � ¶y« , thenwe returnto modellinga singlequantity, which would incorrectlyimply that the
forward ratesarecompletelycorrelated.If, however, we allow � to be the numberof pointson the
curve, thenwefind thatthis computationis toocostly, andwearenot takinginto accountthefactthat
ratesdo indeedhave a non-zerocorrelation.Our goal is to reducethe dimensionalityby recovering
mostof thevariancesandcovariancesof theforwardrateswith a minimal numberof components,� .
Thiscanbeaccomplishedusingprincipalcomponentsanalysis.

6.3 Principal ComponentsAnalysis (PCA)

PCAis astatisticalprocedurethataimsat takingadvantageof thepossibleredundancy in multivariate
data. It achievesthat by transforming¬ (possibly)correlatedvariablesinto � uncorrelatedones. If
the original variablesare correlated,then the datais redundantand the observed behaviour canbe
explainedby just � componentsof theoriginal variableswith �
	¹¬ .

ThisprocedureperformsPCAontheselecteddataset.A principalcomponentanalysisis concerned
with explainingthevariance-covariancestructureof a high dimensionalrandomvectorthrougha few
linear combinationsof the original componentvariables. Considera ¬ -dimensionalrandomvector� ¶ ³ � ¼T» � ½�»�¾�¾�¾�» � Éµ´ . � principalcomponentsof

�
are � (univariate)randomvariables�Ä¼ , �M½ , ¾�¾�¾ ,
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� ÿ whicharedefinedby

�_¼y¶ w¼ � ¶�w¼�¼ � ¼�Ã�w¼û½ � ½�Ã ¾�¾µ¾�Ã�w¼sÉ � É�»��½ ¶ ð½ � ¶�ð½#¼ � ¼�Ã�ð½�½ � ½�Ã ¾�¾µ¾�Ã�ð½�É � É�»
...� ÿ ¶  ÿ � ¶� ÿ ¼ � ¼HÃ� ÿ ½ � ½�Ãé¾�¾�¾ôÃ� ÿ É � É�»

wherethecoefficient vectorsw¼\»�ð½�»�¾�¾µ¾�»� ÿ arechosensuchthatthey satisfythefollowing conditions:

FirstPrincipalComponent= Linearcombinationw¼ � thatmaximizesVar(w¼ � ) and ��s¼�� ¶ « .
SecondPrincipal Component= Linear combination ù½ � that maximizesVar(ù½ � ) and��ð½�� ¶�« andCov( w¼ � , ð½ � ) ¶~· .�����

PrincipalComponent= Linearcombination Â � thatmaximizesVar(ðÂ � ) and �� Â�� ¶�«
andCov(  ü � »� Â � ) ¶.· for all ��	 �

.

This saysthat theprincipalcomponentsarethoselinearcombinationsof theoriginal variableswhich
maximizethe varianceof the linear combinationand which have zero covariance(and hencezero
correlation)with thepreviousprincipalcomponents.

It canbe proved that thereareexactly ¬ suchlinear combinations.However, typically, the first
few of them explain most of the variancein the original data. So insteadof working with all the
original variables

� ¼T» � ½�»�¾�¾�¾#» � É , onetypically performsPCA andusesonly the first few principal
componentsin subsequentanalysis.

6.3.1 SpotRates

Weareinterestedin determiningwhichcomponentsdescribingthemovementof ourcurvecanbeused
to explain mostof thevarianceandcovariancedatawhile utilizing asfew componentsaspossible.In
thecaseof spotrates,from thepreviouswork in principlecomponentanalysisin this field, theresults
arewell known. Let â&ü denotea vectorof yields for the day ·������AÝ anddefinethe matrix �
so the column � of � is the vector âÜü � â&ü ú ¼ . Onecanthenconstruct

� ¶ cor³!�Ï´ , the correlation
matrix formedfrom � . Note that " ��# ü õ Â givesthecorrelationbetweenthedaily changesin rateswith
maturity ã�ü andmaturity ã_Â . Calculatingtheeigenvaluesandeigenvectorsof thisnew matrix,onewill
find thatthetop threecomponentsarelevel, slope,andcurvature.Thefirst eigenvector, referredto as
“level” canbeinterpretedasaparallelshift in thetermstructure,thesecondrepresentsachangein the
steepness,andthethird is interpretedasachangein thecurvatureof theyield curve.

Using this processandobtainingthecorrespondingeigenvalues,we cancomputethecumulative
percentageof thefirst $ eigenvalues,namely %

ü���¼'& üÿü���¼ & ü »
where � is the total numberof eigenvalues,asshown in Table6.1. From the resultof this principle
componentanalysisprocess,we can seethat the cumulative total of the top threecomponentsare
alreadyover95%of original data,wherewe useUS dataasanexample.Thesetop threecomponents
representthekey movementsof theyield curve for spotrates,their form is shown in Figure6.2.
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Figure6.2: Top3 eigenvectorsrepresentingkey movementsof spotratesin theUS(� -axis: maturity;� -axis: eigenvaluecomponent).

While theabovegraphwasgeneratedusingUSdata,in factwecangetthesameresultsregardless
of thetime periodor themarket used,andregardlessof whetherwe considerbondsor commodities.
In [4], Lekkos arguedthat suchresultsarean artifact which arisesdueto the fact that spotratesare
highly correlatedby construction.He proposesthatwe shouldinsteadbeworkingwith forwardrates,
whichalthoughthey maybecorrelated,arenotcorrelatedby construction.Heclaimsthattheresulting
principalcomponentanalysiswill yield muchweaker results.

6.3.2 Forward Rates

As statedabove, we areinterestedin investigatingthe resultswhenprinciple componentanalysisis
appliedon thecorrelationmatrix for forwardratesinsteadof spotrates.

As before,wecalculatetheeigenvaluesandeigenvectorsof thecorrelationmatrix,but for forward
rates,we do indeedfind that the decayof the eigenvaluesis considerablyslower, implying that it is
not enoughto only considerthe top threecomponentsto adequatelyexplain the movementsof the
curve. Figure6.3 is a comparisonof the eigenvaluesobtainedfrom the correlationmatricesof spot
andforwardratesusing1982–2003USdata.

Fromthis graph,wenotethatsimilarly to thetopeigenvectorfor spotrates,thetopcomponentfor
forwardsstandsoutconsiderably, althoughit is notasdominant,explaininglessthan60Ó ascompared
to 80Ó for spots.If weconsiderthecontributionof thetop threecomponents,wefind thatwhile these
madeup over 95%for spots,the total is now lessthan80Ó , owing to themuchslower decayof the
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SpotRateData
Eigenvalue Individualvariance(%) Cumulativevariance(%)& ¼ 8.0677 80.68 80.68& ½ 1.1627 11.63 92.31&)( 0.2847 2.85 95.16

ForwardRateData
Eigenvalue Individualvariance(%) Cumulativevariance(%)& ¼ 5.7776 57.78 57.78& ½ 0.9425 9.42 67.20&)( 0.6609 6.61 73.81

Table6.1: PrincipleComponentAnalysisof USData.

eigenvaluesin thecaseof forwards.
It is alsoeasyto verify thatthefirst eigenvectorin thecaseof forwardratesis still a levelmovement

andthatthesecondstill correspondsto slope.Yet,althoughthefirst two componentscanstill explain
a lot of the total variance,the remainingeigenvectorsmake up a substantialcontribution, andtheir
intuitivemeaning,includingthatof thethird eigenvector, is not soclear.

6.4 Yield CurveModelling

6.4.1 Model Developmentand Implementation

Thus far, we have found that using forward ratesinsteadof spot ratesdoesnot producethe same
structurefor thecorrelationmatrix in which threeexceptionallydominantcomponentsarise;in fact,
theorderof thelatercomponentsmaynotevenbethesameasin thecaseof spotrates.How mightwe
try to modelthecorrelationmatrixof theforwardratesandits resultingspectralstructure?In thecase
of spotrates,thereis anexistingmodelfrom [1] for thespotratescorrelationmatrix:

" �*# ü õ ÂÜ¶,+.- ï�îûú�ï�/ -
assumingthatcorrelations,+ , arehighenough.Hereã is maturityin years.

A comparisonof theeigenvaluedecayobtainedusingdataandtheabove modelis shown in Fig-
ure 6.3b. The circlesrepresentthe eigenvaluesof the correlationmatrix usingspotratedata,while
the squaresstandfor the eigenvaluesof the modelledspotcorrelationmatrix. We notethat the two
curvesnearlycoincidewith eachother;bothof themexhibit a very fastdecayandfor eachof them,
thefirst threeeigenvaluesareverysignificantandexplainover95Ó of thebehaviour of thecorrelation
matrix; theothereigenvaluesareinsignificantandsothecorrespondingeigenvectorsexplainverylittle
aboutthe movementof spotrates.Thus,this modelproducesa goodapproximationto the spotrate
correlationmatrix. To proposea modelin thecaseof forwardrates,we canconsidertherelationship
betweenthecovariancematrix for spotandforwardrates,namely:021 ¶.ê 0

ò ê ï ¾ (6.1)
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Figure6.3: Variancestructureof theeigenvalues.a) Spotratesversusforward ratesfor US data;b)
Decaystructurefor US spotrates(dataversusmodel);c) Decaystructurefor US forwardrates(data
versusmodel);d) Decaystructurefor Europeanforwardrates(dataversusmodel).

Here,
021

standsfor the covariancematrix for thespotrates,
0
ò standsfor the covariancematrix for

the forward rates,and ê is a matrix of the weightsof the forwardsto the correspondingspotrates.
However, we needto work with the correlationmatrix. That meanswe needto find someway to
convert this formulainto a relationshipbetweencorrelationmatrices.

Giventhatthehistoricalvarianceof thespotsis prettystableacrosstenorswe have assumedcon-
stantvariancewhenusingformula(6.1) to transformthecorrelationmatricesof thespotsinto correla-
tion matricesof forwards.

Rearrangingtheresultingequation,we obtaina modelfor theforwardratecorrelationmatrix. We
maynow comparethe forwardseigenvaluedecayfrom this modelledcorrelationmatrix with thatof
the correlationmatrix obtainedfrom the data. Figures6.3cand6.3d both show sucha comparison
betweenmodel and data; Figure 6.3c illustratesresultsfor 1982-2003US datawhile Figure 6.3d
presents1998-2002Europeandata.
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The circles representthe eigenvaluesof the correlationmatrix for the real dataof the forward
rates,while the squaresstandfor the eigenvaluesof the modelledforward ratescorrelationmatrix.
From thesetwo figures,we observe that for both markets, the model fits the datafairly well, but
considerablyworsethanthefit thatwasobtainedfor thespotsmodelearlier. To bespecific,it seems
thatthreecomponentsarenolongerenoughto adequatelyexplainthecorrelationmatrix;wemayneed
to usemorethanfive components.Indeed,it is alsopossiblethat thespotsmodel,while it seemedto
produceagoodfit for spotsdata,is notanadequatefoundationfor our forwardsmodel,whichmaybe
moresensitiveto theexactnatureof thespotscorrelationmatrix;perhapsamorerobustmodelfor the
spotratesis necessarywhenusingit asabasisfor forwardsmodelling.

6.4.2 Model ComparisonUsingSimulations

Sinceour ultimategoal is to predictforwardrateswhich canthenbeusedto predictbondprices,it is
importantto performsimulationsto determineif usingforwardratesaswe have implementedabove,
or spotrates(andsubsequentlycomputingforwardrates)is indeedthebestapproach.While weknow
in the caseof spot ratesthat it is sufficient to include the threetop components,it still remainsto
determinehow many eigenvectorsarenecessarywhenusingforwardrates.While we haveperformed
somepreliminarywork for makingsucha comparison,simulationsremainto be doneto determine
which methodbestpredictsthevarianceof forward rates,andhenceis a bettermodelfor predicting
futurevaluesof forwardrates.

6.5 Conclusion

As it is well known, thecorrelationmatricescorrespondingto spotratescontaina lot of structure.The
fact that this structureis foundacrossmarketssuggeststhepossibility that it is dueto anartifactand
not to any market-specificcharacteristics.In his work, I. Lekkosarguedthat forwardratesshouldbe
thestatevariablesin any suchanalysissincespotratesarecorrelatedvariablesby construction.Using
interestrate datafrom the US, Germany, United Kingdom andJapanhe showed that the structure
presentin thecorrelationmatriceswhenweuseforwardrates(asopposedto spotrates)is a lot weaker.
In this work, we have analysedthesetype of matricesand found that the forward rate versionsof
parametricmodelsthathavebeenproposedfor spotratecorrelationsdoa fairly goodjob in describing
thedata.A lot of work remainsto bedoneasfarasunderstandingthesematrices,theircommonalities
acrossmarketsand,of course,theirmodelling.
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