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This problem is posed by Mr. J. Nakagawa from Kimitsu Works of Nippon Steel. Kimitsu Works is
among the biggest steel mills in the world with several big blast furnaces and other steelmaking equip-
ments which is located near the sea. There are three high chimneys in the mill which produce plume
pollution and there are a big coal yard and many dusty roofs which produce dust pollution when the sea
wind brings the dust up. Unfortunately, the downtown is just located at the downwind direction about 4
km away (see Figure 1). To reduce the pollution to the downtown, the administrator of Kimitsu works
wants to identify the main sources of the pollution then to adopt some methods such as fixing new dust
filter on the top of the chimneys or spraying water to the locations where main dust pollution are pro-
duced. Some monitoring instruments which are placed somewhere not far from the pollution sources
in the downwind direction is used to measure the concentrate of the plume and dust. During three very
busy days, we set up some mathematical models for this problem, obtained some initial results and made
clear what future work should be done.

In this report we will summarize the discussion and work of the study group during three days
by introducing the problem and some assumptions, modeling of the direct and inverse problem, and
discussing the initial results and the future work.

We make some assumptions and simplifications as follows:

1. pollutant of plume and dust consist of very small particles;

2. There is only one high chimney in the mill which can be simplified to a point source, and the
location of the coal yard and the dusty roofs (called secondary pollution source) is known and the
height of secondary pollution source is relatively small and can be supposed on the ground;

3. We only investigate the steady situation, i.e. the wind direction and the wind speed do not change
and the concentration of pollutant is time-independent;

4. For convenience, we suppose that the secondary pollution source are some point sources dis-
tributed into a known area (see Figure 2).

By taking a coordinate system with the bottom center of the chimney as the origin, the wind direction
as the x axis and the up direction as z axis, we introduce following notations:



When pollutant consists of very small particles, the concentration C of pollutant is governed by the
following convection-diffusion equation

By assumption 2, we have ~~= O. If we neglect the gravity and turbulence, the third and fourth terms of
above equation vanish and by noticing that along x direction, the effect of convection is much bigger than
that of diffusion and the term !1x (kx g~) can be neglected and the governing equation becomes

Let the contribution of the chimney with unit discharging of pollutant to the pollutant concentration C be
Co. Then Co is the solution of boundary value problem for heat equation

u~ = .2-(k $D.) + .2-(k ~) x > 0
ax ay y ay az z az ' ,

colx=o = ~<5(y)<5(z - h),

tzcolz=o = 0,

tzcolz->+oo = o.
Let Cj be the contribution of the i-th secondary pollution point source with unit flux to the pollutant
concentration, as x > x j, Cj satisfies



Nevertheless,cj = 0 as x ::;Xj. After solving (3.3) and (3.4), by superposition we obtain the concentra-
tion of pollutant at (x, y, z) located in downwind area of the pollution source as

N

c(x, y, z) = Qco(x. y, z) +L qjCj(x, y, z).
j=l

Suppose that kx, ky, kz are constants. By use of Laplace transform (see[1]), or Fourier transform after
even extension the unknown about x - y plane([2],[3]), we obtain the explicit solution of (3.3)
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The solution (4.1) is something similar to the Gaussian point source plume model in the literatures of en-
vironment science[4],[5]. Therefore, the explicit expression for pollutant concentration in the downwind
domain is

Our main purpose is to identify the intensity of the pollution sources, namely to determine Q, qj (j =
1 .... , N) by the measurement of pollutant concentration somewhere in downwind area. Suppose that
we measure the pollutant concentration at points (Xi.}i.O),i = 1,··· ,MwithXi > max{O,xl,'" .XN}
and NI 2': N and the measuring concentration data is Ci, (i = 1. .... M). If there is no measuring error
for {cd, following equality should hold

N

QCo(Xi. }i, 0) +L qjCj(Xi.}i, 0) = Ci· (i = 1. .... AI).
j=l

This is a linear equation system of M equations for N + 1 unknowns (Q, ql .... , qN ).

By denoting

[

CO(Xl, Yl, 0)
CO(X2, Y2, 0)

co(XM, YM, 0)

Cl (Xl, Yj, 0)
Cl(X2, Y2, 0)

CN(Xl, Yj, 0) ]
CN(X2, Y2, 0) ,

CN(XM, YM, 0)



Nevertheless this problem is seriously unstable. It can be seen from that the condition number of matrix
S is very poor. As we use measurement data without error obtained from formula (5.1) using given
(Q, ql, ... , qN), the inversion gives reasonable result. However, if we put some small white noise to the
measurement the result of inversion drops far away from the exact (given) value of (Q, ql, ... , qN).

To overcome this difficulty, we have to use the regularization technique, that is to modify problem
(5.6) into

where aR(P) is called regularization term and a is called regularization parameter. During the three days
we tried some choices of regularization term such as the discrete HI and H2 norm for (ql, ... , qN), but
they did not work well.

In the discussion, we proposed to improve the partial differential equation model in several ways: Con-
sidering the settling speed, the PDE can be modified into

We can combine the effect of the pollutant dispersion in the air and diffusion on the ground. In this case,
we have two problems(in two dimensional situation) as follows

(?LO +wd g~= tz (kz g~), x> 0,
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cglx=o = O.

If kg « 1, by combing above two problems, we finally have

oc a (k OC) 0uoax = oz z8Z' x> ,

q = -kz tzclz=o = -h(c - 1+ Jooo cdz),

After study group we have to try to find suitable regularization term and regularization parameter to made
the inversion stable.

Since the measuring instrument is heavy and expensive, It is difficult for us to acquire big measure-
ment data. For a few fixed instruments, it is necessary to consider time-varying situation. In this case
we should use the time-varying convection-diffusion equation. Maybe some traveling wave solution of
form
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