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1 Problem Description
The problem concerned the removal of pollutants from gaseous streams emerg-
ing from an industrial process. In this case, the removal of H25 and C 52
from air is accomplished by means of a bioreactor with supported micro-
organisms. The pollutants are first absorbed in water, and then they are
transported to the biofilm where the micro-organisms transform them. The
process is shown schematically in Figure 1.

It is believed that the following global reactions take place in the biofilm:

H25 partial oxidation
C 52 partial oxidation

5° total oxidation

2H25 + O2 -+ 25° + 2H20
C52 + O2 -+ 25° + CO2

25° + 302 + 2H20 -+ 2H2504•

The following model, representing mass conservation of each species in the
gas, liquid and biofilm phases, was brought to the study group.



L
Reactions: The important species are labelled as follows:

A = H2S; B = CS2; C = CO2;

H = H2S04; 0 = O2; S = S; W = H20.
The reactions may then be written:

2A + 0 -t 2S + 2W

B + 0 -t 2S + C
2S + :30 + 2W -t 2H

Reaction 1; rate R1,

Reaction 2; rate R2,

Reaction 3; rate R3.

Under the assumptions that the gas and liquid phases are in plug flow,
diffusion is negligible in both gas and liquid phases by comparison to convec-
tion except in boundary layers, and diffusion in the z-direction is negligible
in the bioreactor, the following conservation equations were proposed:

aCIIG 1 )
-HG [}z - (kLa)A(H;ICAG - GAL

aCHG -
-He az - (kLa)B(HI3CBG - CBI,)
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Liquid Phase

aCAL --
-UL--a;- + (kLa)A(HACAG - CAd - (kpa)A(CAL - CAL,i)

aCBL ---UL--a;- + (kLa)B(HBCBG - CBd - (kpa)B(CBL - CBL,i)

aCOL --
-UL~ + (kLa)o(HoCOG - COL) - (kpa)o(COL - CoL,d
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Here CmG, CmL, Cm? and CmL,i, represent the concentration of com-
pound m in the gas phase, the average concentration in the liquid phase, the
concentration in the biofilm, and the concentration on the liquid/biofilm in-
terface respectively; UG is the velocity of the gas, UL is the average velocity of
the liquid, Dm is the diffusion coefficient for compound m in the biofilm, the
(ka) are mass transfer coefficients, and CYm,n is the stoichiometric coefficient
for compound m in reaction n (positive for products, negative for reactants).
Distance down the reactor is denoted by z, and distance across denoted by
~.

These equations are supplemented by suitable initial conditions and en-
trance conditions on the concentrations in the liquid and gas phases (i.e.
conditions at z = 0). Furthermore, the following boundary conditions were
proposed for the biofilm:

- - acA?
(kpa)A(CAL - CAL,d = -DA~'

- - aCB?
(kpa)B(CBL - CBL,i) = -DB~'

- - acO?
(kpa)o(COL - COL,i) = -DoT'
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Gas velocity Ua 40 em S-1

Liquid velocity '7h 10 em S-1

Diffusion coefficient in liquid DL 10~5 cm2 S-1
Diffusion coefficient in gas Do 10-1 cm2 S-1
Concentration in liquid GL 5.6 x 10-2 mol cm-3
Length of bioreactor l 500 em
Width of gas phase do 100 em
Width of liquid phase dL 1O~2em
Henry's constant H 2.5 x 10-2
Mass transfer coefficient kL 4 x 10-3 em S-1

Surface/Volume ratio a 2.15 cm-1
Mass transfer coefficient (kLa) 8.3 S-1

At r:,= bA 8GAP = 0 (12)8r:, ,

At r:,= bB 8CBP = 0 (13)8r:, ,

At r:,= 00 8Gop = O. (14)8r:,

Here 15m (t) represents the distance into the biofilm over which the micro-
organisms are actively consuming compound m, and evolves according to
the law

dbm ( 8Cmp /8t )---;It = - 8Cmp/8r:, ~=Om

Typical values for the parameters appearing these equations are shown
in Table l.

This model has been implemented numerically by R. Lobo. However, it
was found that when realistic values for each constant were taken, that the
model predicted that only 0.01 percent of the pollutant would be removed
from the gas stream.

The problem posed at the study group was to determine whether this was
due to an error in the coding, or an error in the modelling. If the modelling
was found to be at fault, then the study group was asked to suggest which
important physical mechanisms may have been left out of the model, and



to determine the likely effect these would have. In particular, Mr. Lobo
suggested that some of the micro-organisms may find their way into the
liquid phase, and so it may be necessary to include some reaction taking
place in the liquid. The study group was asked to determine whether this
would be enough to account for the difference between the observed and
predicted behaviour of the bioreactor.

3 Simplified model
The concentrations of compounds A, Band 0 are coupled only through the
rates of the reactions in the biofilm. For simplicity, we consider the case
when there is only a single compound, A, say. We will also only consider the
situation in which the reactor is operating in a steady state. This gives the
following simplified model, in which we have dropped the subscript A:

aGo -
-u0fu - (kLa)(HGo - GL) = 0, (16)

_ aGL --
-UL fu + (kLa)(HGo - G L) - (kpa)(G L - GL,i) = 0, (17)

a2Gp
D ae + R = 0, (18)

where the reaction rate R is supposed to depend only on the concentration
Cpo

Since C L 2: 0, a bound on the mass transfer between the gas and liquid
phases can be obtained by setting GL = 0 in equation (16). This gives a very
simple check on the numerical solution obtained by V. Lobo. With GL set
to zero, equation (16) becomes

aGo
-u0fu - (kLa)HGo = 0,

Co = cg exp (-(kLa)H z/uo). (20)

Thus we find that the length scale for the decay of the concentration in the
gas is given by uo/(kLa)H, which for the values given in Table 1 turns out
to be approximately 2000m. Since the reactor is only about 5m long, this ex-
plains the extremely small change in concentration observed in the numerical



solution. Note that even adding a reaction in the liquid to the model (16)-
(18), would not solve the problem, since we can never have the concentration
in the liquid lower than zero. It seems that the mass transfer coefficient
(kLa) is just too small for the pollutants to have time to be absorbed into
the liquid.

Mass transfer by diffusion The mass transfer law in equation (16) is
an approximation to the local diffusive mass transfer between the liquid and
gas phases. We can check that the value of (kLa) given is of the right or-
der of magnitude by considering a local diffusion problem at the gas/liquid
interface.

Since we are aiming only to verify the order of magnitude of (kLa), we
will consider the simpler case of a co-current (rather than counter-current)
reactor. We ignore the effects of the finite thickness of the liquid and gas
films, and consider an infinite stream of gas moving parallel to an infinite
stream of liquid, with pollutant diffusing from the gas to the liquid. Thus
we are assuming that diffusion is important only in a thin layer near the
interface. We will return to this point later.

This gives us the following test problem:

a2cL _ aCL ~ < 0, (21)DL ae = UL az '

D a2cG _- aCG ~ > 0, (22)G ae - uGfu'

with boundary conditions

HCG CL on ~ = 0, (23)
D aCL D aCG on ~ = 0, (24)L a~ Gar

CL -+ 0 as ~ -+ -00, (25)
CG -+ cg as ~ -+ 00, (26)
CL 0 on z = 0, (27)
CG CO on z = O. (28)G

Equation (23) is Henry's law for equilibrium at the interface, and equation
(24) represents conservation of pollutant at the interface.



Hcg/Vi
((DL/DG)HjDG/UG - jDL/UL)'

cg
1- HjuLDL/uGDG

For the values of the parameters given in Table 1, A ("V -2 X 102Cg, B ("V cg.
The flux of pollutant, q, across the interface ~ = 0 is given by

aCL ADL -4 0 -1q = DL - = r::: ("V 10 CG cm s .a~ yZ

The flux the problem (19) was given by

q = kLHCG ("V 1O-4Cg cm S-1.

Thus we conclude that the mass transfer coefficient (kLa) is of the right order
of magnitude when based on a local diffusive mass transfer mechanism.

In the solutions (29), (30) we note that

AJ2!!L ("V 0.34Cg, A DL J2!!L ("V 1.4 X 1O-3Cg.
UL DG UL

Thus we see that the concentration in the liquid is varying significantly, even
though the concentration in the gas is hardly changing. This would seem to
imply that diffusion is not important in the gas phase, but it is important in
the liquid phase.

We can estimate the relative importance of diffusion and convection by
considering the following non-dimensional diffusion coefficient:

D = diffusion = Dl
convection d2U;'



where d is the thickness of the region and I is its length. We find that in
the gas phase D = 10-\ so that convection dominates, whereas in the liquid
phase D = 5, and diffusion is at least as important as convection. This draws
into question the neglection of diffusion in equations (3)-(5).

The large non-dimensional diffusion coefficient in the liquid phase also
means that the assumption that diffusion is important only in a thin layer
near the interface is wrong. However, the small non-dimensional diffusion
coefficient in the gas phase means that the concentration in the gas phase is
only a function of z. There is one more simple test problem we can use to
check whether this affects the mass transfer coefficient (kLa). We consider
the diffusion problem in the liquid phase, now taken to be of finite width.
We assume that the biofilm is performing perfectly, so that the concentration
of pollutant is zero on the interface between the liquid and the biofilm. We
assume that the concentration in the gas phase is held fixed at C&. This,
again, will give a best possible estimate for the mass transfer coefficient. We
arrive at the following problem:

D (PCL _ &CL 0< E, < dL, (33)L &E,2 UL&,

CL 0 on E, = 0, (34)
CL HCg on E, = dL, (35)
CL 0 on z = O. (36)

With the values given in Table 1 the decay rate of the exponentials is given
by



Thus, once z is greater than about 10 em the profile in the liquid is approx-
imately linear, and the flux is given by

The linear profile in the liquid means that it is working to capacity, and yet
the flux is still too small.

c = amount of pollutant liquid can hold in equilibrium.
amount of pollutant gas can hold in equilibrium

Clearly this number should be as large as possible for efficient exchange, and
in particular it is useful for it to be greater than unity. For the bioreactor
under consideration

c = HfhdL
"" 0.6 X 10-6.

uada
This extremely low capacity is due to the low solubility of the pollutant in
the liquid and the high speed of the gas stream, and is the reason for the
extremely low mass transfer coefficient. Indeed, it is this low capacity which
requires the use of the micro-organisms in the first place. However, before
the micro-organisms can get to work the pollutants need to be transported
to them across the liquid film. From our calculations thus far it appears
that diffusion alone is not powerful enough to transport sufficient quantities
across the liquid film.

Reaction in the Liquid Whereas including a reaction term in equation
(17) would not lead to much more pollutant being extracted from the gas
phase, including a reaction in the liquid phase in equation (33) would have a
greater effect, since the reaction would decrease the amount of pollutant in
the liquid, increasing the gradient at the boundary and thus increasing the
mass transfer (including a reaction here effectively reduces the width of the
liquid film).

Since we have seen that the liquid phase was previously diffusion dom-
inated (the solution (37) approaches a linear profile within about 10 ems)



we consider here a problem in which the diffu~ion across the liquid phase is
enhanced by a reaction there also. Thus we have:

D a2cL RCL, o < ~ < dL,L a~2
CL 0 on ~ = 0,
CL HCg on ~ = dL.

(38)

(39)
(40)

Setting R = 0 gives the linear profile found previously. With nonzero con-
stant R the solution is

The flux through the liquid/gas interface is given by

aCL 0 r;::-;:, ~ 4 ~ 0 1/2
q = DL a~ = HCGV DLRcoth dLV R/ DL f'V 10- V RCG cm s- .

To change the flux by the two orders of magnitude necessary, we require that
R f'V 104s-1. Typical values of R in practice are R f'V 10-4 - 1O-2s-1.

Convection With diffusion transporting pollutant too slowly, and with the
reaction in the liquid not quick enough to remove enough pollutant, we are
left with convection as the only other possible mechanism for transporting
pollutant from the gas to the liquid phase. In order to estimate the effect of
slightly non-perfect geometries on the flow fields, we consider the following
model problem. Suppose the gas/liquid interface is still given by ~ = d, but
suppose now that the biofilm/liquid interface is not planar, but given by
~ = fh(z), where f « 1. Assuming the flow of liquid to be irrotational and
incompressible, we arrive at the following problem

UL \l </J, (42)
\l2</J 0 fh(z) < ~ < dL, (43)

a</J
0 on ~ = fh(z), (44)UL'n= -an

a</J
0 on ~ =dL, (45)UL'n =-an
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where n represents the unit normal to each interface. We assume that the
dominant flow is uniform in the z-direction, and consider the perturbation
to this flow induced by the non-planar geometry by expanding UL and <p in
powers of f as follows:

(0, Vd + fU1 + ,
VLz + f<P1 + .

(46)
(47)

o 0 < ~ < dL,

VL dh on ~ = 0,
dz

(48)

(49)

We consider the case in which h(z) = sin kz (a more general perturbation of
the boundary may be built up as a superposition of these Fourier modes).
The solution to (48)-(50) is then

A. _ -V coskzcoshk(x - dd
'1-'1 - L . h kd 'sm L

U == (-v: k cos kz sinh k(x - dd sin kz cosh k(x - dd)
1 L . h kd ' VLk . h kd .sm L sm L

Thus the perturbation to the velocity field is of the order fk VL.

Having solved for the flow field, we may now return to the convec-
tion/diffusion problem for the concentration of pollutant. With UL = (u, v)
we have

D (PCL = U DCL V DCL (53)
L de D~ + Dz

If we suppose that convection is the dominant mechanism, then we have
U . VCL = 0 and the pollutant is convected along streamlines. Since the
streamlines do not intersect the boundary diffusion is still the transfer mech-
anism, but since the streamlines may carry the pollutant some of the way





across the liquid phase, the distance to diffuse is smaller. However, con-
vection will only significantly enhance diffusion if streamlines passing near
~ = dL reach close to ~ = 0 in a reasonable distance in the z-direction.
Typical streamlines for the solution (51) are shown in Figure 2.

Note that the streamlines near ~ = dL do not pass close to ~ = 0, so that
pollutant is still not transported across the film. In order to enhance mass
transfer sufficiently we need some mixing in the liquid layer.

The Reynolds number for the liquid flow, based on a vertical velocity of 10
cm S~l and a reactor height of 500 cm, is 5 x 105. If the bumps on the biofilm
are sufficient to generate significant mixing in the liquid layer, then pollutant
will be convected across the film, and there will be a diffusive boundary layer
of thickness rS rv DL/u, with the flux being given by q = DLHCg/rS rv uHCg.
Hence mixing enhances the mass transfer by a factor of dL/rS.

To gain two orders of magnitude in mass transfer we require that rS/dL rv

10-2, i.e. that rS rv 10-4 cm. Since DL rv 10-5 cm2s-1, we therefore need a
horizontal velocity u rv 10-1 cm S~l. Since VL rv lOcm S-l, this implies that
tk rv 10-2, that is, we require the amplitude of the bumps on the biofilm to
be of the order of lO-6m. This is well within the realms of possibility.

Thus it seems possible that, because of the relatively high velocity of the
liquid phase, the stirring induced by a non-planar biofilm/liquid interface
will significantly enhance the mass transfer across the liquid film.

Reaction in the Biofilm Including the possibility of mixing in the liquid
phase has enhanced the mass transfer coefficient so that the flux of pollutant
may approach a realistic value. However, once the pollutant reaches the
biofilm, it still needs to be removed by the micro-organisms.

The model proposes a balance between diffusion and reaction in the
biofilm, similar to the analysis in the liquid in (38)-(40). In fact, a bound
on the rate at which pollutant can be removed can be found by assuming
that the liquid does a perfect job of transporting the pollutant to the biofilm,
so that the concentration on the liquid/biofilm interface is HCg. Then the
problem in the biofilm is

D a2cB RCB, o < ~< dB, (54)
B a~2

aCB
0 on ~ = 0, (55)--8~
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HC~ ~
CB = ./ cosh~yR/DB. (57)

cosh dBy R/ DB

The flux through the liquid/biofilm interface is given by

q = DB 8~B = HC&JDLRtanh dBJR/DL rv 1O-4v'RC& cm S-1/2. (58)

As before, an enormous reaction rate is required in order to extract significant
amounts of pollutant from the gas.

From the simple model (19), the flux of pollutant from the gas required
to decrease the concentration by an order one amount in the length of the
reactor is given by

q rv Uc CO rv 4 X 1O-2Co cm S-l (59)
dcl c c·

Hence from (58) we require R rv 104s-1. Again, this is an extraordinary high
reaction rate.

Reaction in a well mixed liquid phase If we assume that the liquid
phase is well mixed, so that the concentration of pollutant is independent of
~ except in diffusive boundary layers, and we also assume that some reaction
is taking place, then the amount of pollutant converted is given by dLRCg.
Setting this equal to the desired flux gives a required value of R as

R rv 4s-1.

The reasons for the reduced value, are (i) that the flux now depends linearly
on R rather than on VIi since the concentration of pollutant is independent
of ~, and (ii) the reaction takes place throughout the whole film rather than
in a thin boundary layer.

Flux of pollutant A simple calculation has shown that the flux required
to significantly reduce the concentration of pollutant in the gas region is of



Uc CO 4 10-2Co -1q tv dc
l

c tv . X 'c em s .

This large flux is due to the large width of the gas film and its high speed.
With diffusion alone acting as the mass transfer mechanism the flux across

the liquid/gas interface was of the order of

Including a reaction in the liquid region enhanced this flux slightly, but
the desired flux would require a reaction rate

If the liquid layer is assumed to be well mixed rather than laminar, the
mass transfer of pollutant across the liquid film is enhanced and approaches
a realistic value.

Removal of pollutant Even assuming the pollutant can make its way
across the liquid sufficiently quickly, in order to consume the pollutant at
the required rate in the biofilm would require a reaction rate there

However, if the liquid phase is well mixed rather than laminar flow, so that
the concentration is independent of ~ and the reaction takes place uniformly
throughout, then the reaction rate required to produce the desired flux is

This reduced rate is due to the reaction taking place throughout the liquid
region, rather than in a thin boundary layer.

Finally, we comment on the proposed free boundary in the original model
(12)-(14). Such a free boundary is an unnecessary complication in the model,
since the effective distance that the biofilm is active will emerge naturally as
a length scale in the diffusion problem. We propose this boundary condition
be replaced by the simpler fixed condition that the flux of pollutant through
the inner biofilm wall is zero.




