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L ≈ 5.7
H

W ≈ 60

Q
Hb

x
α

α tanα = H/L H L
α ≈ 1/100

tanα ≈ H/L ≈ 0.01 α ≪ 1

(u,w) (x, z)
p



z

x

L

H Hb

Q

α

z = h(x, t)

x z

α

∂u

∂x
+

∂w

∂z
= s(x, t),

u = −k

µ

(
∂p

∂x
− ρg sinα

)
,

w = −k

µ

(
∂p

∂z
+ ρg cosα

)
,

ρ g k
µ

s(x, t)

z = h(x, t)

w =
∂h

∂t
+ u

∂h

∂x
, z = h(x, t),

p = pa, z = h(x, t),

pa z = 0

w = 0.

x = 0

∫ h(0,t)

0
u(0, t) dz =

Q

ℓ
,



ℓ x = L/ cosα

h(X, t) = Hb.

x = Lx̂, z = Hẑ, t =
L2

KH
t̂, p = ρgHp̂, u =

KH

L
û,

w =
KH2

L2
ŵ, s =

KH

L2
ŝ, h = Hĥ,

K = kρg
µ

ϵ =
H

L
= tanα ≈ α ≪ 1,

∂û

∂x̂
+

∂ŵ

∂ẑ
= ŝ,

û = 1− ∂p̂

∂x̂
,

ϵ2ŵ = −1− ∂p̂

∂ẑ
.

ϵ 0 ≤ z ≤ h

h

∂ĥ

∂ t̂
+

∂

∂x̂

(
ĥ

(
1− ∂ĥ

∂x̂

))
= Ŝ,

Ŝ = ŝĥ

ĥ

(
1− ∂ĥ

∂x̂

)
= q, at x̂ = 0,

ĥ = H̃, at x̂ = 1,

q = QL
KH2ℓ H̃ = Hb

H

x̂

û = 1− ∂ĥ

∂x̂
.

α



hx
x̂ = 1(sea)

hx

h(x, T ) T = 5
S = 0

S < 0
h = x x = 1

hx < 1 =⇒ u = 1 − hx > 0

T = 5 h(x, 5) S
S S

h = x x = 1 hx = 1
hx < 1 =⇒ u = 1 − hx > 0

m+ m−

x/L = bi Ai i = 1, 2, 3, 4



x/L = a1 x/L = a2 d

Distance downstream (𝑥)

𝑆 𝑥

S(x, t)

S(x) = M−Θ (x− a1)Θ (a2 − x) +
4∑

i=1

M+
i δ (x− bi) ,

Θ δ

M− = m−L
dH2K(a2−a1)

M+
i =

m+
i L2

AiH2K

h(x, t) = f(x)
h(x, t)

ĥ f(x)
M+

i

min
M+

i ∈[0,Mmax]
|h− f | ,

h ≥ f h



qmax M−
min qmax M−

max

qmin M−
min qmin M−

max

M+
i

q M−

η = 3.6
η = 1.6
η = 2.0 q M−

η = 1.9

Qmin = 2000m3/day Qmax = 7000m3/day

M− = 1 M− = 2
20000m3/day 40000m3/day

η =
M− (a2 − a1)∑4

i=1M
+

,

η > 1



Qmin 2000 m3/day
Qmax 7000 m3/day
H 78 m
Hb 61 m
L 5700 m
K 150 m/day
ℓ 200 m
d 200 m
a1 0.33
a2 0.96
b1 0.04
b2 0.26
b3 0.51
b4 0.68



p = p(x, t)
msalt = msalt(x, t)

ρ = ρ(msalt) Sw = Sw(p) = Sw(p(x, t))
Sw

Sw ≡ 1, p ≥ 0
Sw < 1 p < 0

q = −kr k

µ
(∇p− ρg)

k = k(x) µ
µ = µ(msalt) g kr = kr(Sw(p))

kr(1) = 1 kr(Sw) < 1 Sw < 1
u

u = q/(εSw) ε

∂(εSwρ)

∂t
+∇ · (ρq) = Qin +Qout ,

∂(εSwρmsalt)

∂t
+∇ · (ρmsaltq− εSwρD∇msalt) = msaltQout .

Qin Qout D = D(q)

Qin



20× 10



t = 0









L = 5.5

1000 3 6000 3 4000
3 500 3



Re ≪ 1



ρ
∂u

∂t
= ∇ ·

[
− pI+

µ

φ

(
∇u+ (∇u)T

)]
− µ

k
u+ ρg

µ ρ k φ

Da = k
L2 ≪ 1 L

k

γ

∂u

∂t
+ u = −k

µ

(
∇p− ρg

)

γ = µ/ρ

∇ · u = 0

∇2p = 0

ith

1

ρi

[
∂

∂t

(
βiρi

)
+ u ·∇ρiβi

]
= 0

N∑

i=1

βi = 1

N βi 0 < βi < 1 ρi
ith

ρ µ

ρ (or µ) =
∑ξ

i=1 βiρi(or µi)
u

i
βwater = 1− βair

βwater = 1
βair = 1

msalt

ρwater g/cc = 1 + 0.695msalt,



0 ≥ msalt ≥∼ 0.1
msalt

µwater cP = 1 + 0.09msalt + 0.0093m2
salt.

∂msalt

∂t
+ u ·∇msalt = Dsalt∇2msalt,

Dsalt

km
m

k
k

R1

E1

m3/d

E1−6

m3/d E1

E2,3 E4,5

E6

βwater = 1
u = 0 βwater = 1
βwater = 0

m3/d βwater = 1
u = 0

β

[−pI+ µ(∇u+ (∇u)T )] · n = −p0n

βwater = 1



m3 m3 km3

p0

− n · [umsalt −Dsalt∇msalt] = 0

n · ∇msalt = 0
msalt = 0.05

t = 0 msalt = 0.05

k 1.54 × 10−10m2

m/d
!

m2

m/d 0.987 ×
10−12 m2 m/d



10−4

±

±

βwater = 1





m

k

0.987 × 10−12 m2 m/d

m



φ
∂c

∂t
+∇ · (−D∇c) + u ·∇c = Rc + Sc

φ c
mol/m3 t d(days) u

m/d Rc Sc

u = 0

m3/d
p = 0

t = 0

k 1.54 × 10−10 m2

m/d

− n · (D∇c) = 0.



mol/m3

10−9 to 10−13 m2/s

5×10−10 m2/s x

Deff = D φ δ/ τ2

δ τ 1.25

7 × 10−10 m2/s x 1.4 × 10−9 m2/s y
x

x

x y





x

x










